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Abstract
We introduce the notion of an ε-cover for a kernel range space. A kernel range space concerns
a set of points X ⊂ Rd and the space of all queries by a fixed kernel (e.g., a Gaussian kernel
K(p, ·) = exp(−∥p − ·∥2), where p ∈ Rd). For a point set X of size n, a query returns a vector of
values Rp ∈ Rn, where the ith coordinate (Rp)i = K(p, xi) for xi ∈ X. An ε-cover is a subset of
points Q ⊂ Rd so for any p ∈ Rd that 1

n
∥Rp − Rq∥1 ≤ ε for some q ∈ Q. This is a smooth analog of

Haussler’s notion of ε-covers for combinatorial range spaces (e.g., defined by subsets of points within
a ball query) where the resulting vectors Rp are in {0, 1}n instead of [0, 1]n. The kernel versions
of these range spaces show up in data analysis tasks where the coordinates may be uncertain or
imprecise, and hence one wishes to add some flexibility in the notion of inside and outside of a query
range.

Our main result is that, unlike combinatorial range spaces, the size of kernel ε-covers is indepen-
dent of the input size n and dimension d. We obtain a bound of 2Õ(1/ε2), where Õ(f(1/ε)) hides
log factors in (1/ε) that can depend on the kernel. This implies that by relaxing the notion of
boundaries in range queries, eventually the curse of dimensionality disappears, and may help explain
the success of machine learning in very high-dimensions. We also complement this result with a
lower bound of almost (1/ε)Ω(1/ε), showing the exponential dependence on 1/ε is necessary.
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1 Introduction

Given a data set X a range space (X,R) is the collection of possible ways that set X can be
queried; R is a set of subsets of X, often defined by intersection with a type of geometric
shape. For a data structure, ranges specify the shape of any range query [1]. For machine
learning, ranges categorize the function class of possible classifiers [42]. For spatial scan
statistics, ranges restrict the family of regions which might form an anomalous hotspot [24].

In each of these cases, it is common to allow ε|X| additive error when considering the
results of these queries. In that context, an ε-cover, which is an instance of a cover in a
metric space, and Haussler [17] among others studied it for a particular class of metric spaces,
is an important concept; it is a subset Q of all possible subsets in the collection (X,R) so
that for any range R ∈ (X,R) there exists some set Q ∈ Q so that the symmetric difference
|Q△R| ≤ ε|X|. In particular, if one allows ε|X| error, then one only needs to consider each of
the above listed data analysis challenges with respect to the ε-cover Q, not the full collection
of possible subsets.

Haussler introduced and bounded the size of ε-covers for range spaces with bounded
VC-dimension [17]. In particular, if the VC-dimension ν is bounded, then there exist ε-covers
of size O(1/εν) and Ω(1/εν) may be needed. Consider the common range spaces for X ⊂ Rd
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5:2 Dimension-Independent Kernel ε-Covers

like half-space, ball, and fixed radius ball range spaces, each has VC-dimension ν = d + 1.
However, Haussler’s lower bound does not apply to these geometric range spaces specifically.
Nevertheless, we supply a lower bound of Ω((1/ε)d1−o(1)) for them in Section 6.

In this paper, we consider how this changes when we consider kernelized versions of
these objects; that is where ranges are defined by kernels, like Gaussian kernels K(x, q) =
exp(−∥x− q∥2). Indeed, kernel SVM is a common way to build non-linear classifiers [38], and
kernelized versions of data structures queries [8, 7, 23] and scan statistics [15, 14, 18] are also
common. Partially motivated by these cases, the complexity of kernel range spaces have also
been studied, and in particular samples for density approximation. These ε-KDE-samples
are subsets S ⊂ X so for every query p ∈ Rd that∣∣∣∣∣ 1
|X|

∑
x∈X

K(x, p)− 1
|S|

∑
s∈S

K(s, p)

∣∣∣∣∣ = |kdeX(p)− kdeS(p)| ≤ ε.

While for positive and symmetric kernels, a bound of O(d/ε2) for such an ε-KDE-sample
can be derived using bounds for ball range spaces [21], more remarkably, for reproducing
kernels, only size O(1/ε2) is needed [27, 25, 5], that is with no dependence on d.

We tackle whether a similar result, with no dependence on n or d is possible for an ε-cover
of a kernel range space. In particular, a kernel range space (X, K) is defined by a set of input
points X ⊂ Rd, and a fixed kernel K, e.g., Gaussians of the form K(p, ·) = exp(−∥p− ·∥2).
In this setting, any range in the kernel range space is defined by a point p ∈ Rd, and reports
a signature vector RX

p = (K(p, x1), K(p, x2), . . . , K(p, xn)) ∈ Rn, which has a scalar value
K(p, xi) for each xi ∈ X; we consider when K(p, xi) ∈ [0, 1]. This generalizes the notion of a
set, where these signatures are bit-vectors from {0, 1}n instead of [0, 1]n. An ε-cover of a
kernel range space (X, K) is then a set of kernel ranges K(q, ·), defined by a set of points
Q ⊂ Rd, so for any query point p ∈ Rd there exists a q ∈ Q so that

1
|X|

∑
x∈X

|K(p, x)−K(q, x)| = 1
|X|
∥RX

p −RX
q ∥1 ≤ ε.

This generalizes the notion of ε-cover of Haussler to function values. Notice that if we
instead placed the absolute values outside the sum, this becomes trivial since one can simply
choose 1/ε points Q where kdeX(qi) = (i− 1/2)/ε for i = 1, . . . , 1/ε.

Our results. Our main result is that ε-covers for kernel range spaces have size complexity
independent of n and d. Thus for constant error (e.g., ε = 0.01 for 1% error), the size of
the ε-cover is constant; that is, to evaluate these functions up to a fixed error, one only
needs to pre-compute or consider evaluating a fixed number of kernel range queries. In
particular, we show that the size of ε-covers are at most 2Õ(1/ε2); where Õ(f(1/ε)) hides
polylogarithmic factors in 1/ε. This bound works for a large class of kernels we call “standard”
and includes Gaussian, Laplace, truncated Gaussian, triangle, Epanechnikov, quartic, and
triweight. Moreover, we show that this (1/ε)poly(1/ε) is necessary. In particular, for Gaussian
kernels we provide a construction that requires an ε-cover of size ( 1

ε )Ω(1/ελ) for any λ ∈ (0, 1)
in Rd′ with d′ = Ω(1/ελ).

When viewed in comparison to the ε-cover size bound for traditional range spaces, e.g.
for half-spaces or balls, where the size grows exponentially in d (see discussion in Section 6),
we believe this result is quite surprising. Almost all learning or data structure bounds, even
approximate ones, have exponential dependence on d in the number of queries considered.
However, this result shows that if one relaxes the boundary of the query, that is there is not
a hard or combinatorial cut-off separating “in” the query or “not in” the query, then this
exponential dependence and curse of dimensionality (eventually) disappears.
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Overview of techniques. One may think (as we initially hoped) that this ε-cover result
is a not-too-hard consequence of the dimension-independent bounds for ε-KDE-samples.
However, these results seem to provide the wrong sorts of guarantees; they would work
if the definition of the ε-cover had the absolute values outside the sum. Moreover, both
constructions for ε-KDE-samples rely on properties of reproducing kernels, namely that
the kernel density estimate kdeX can be viewed as a mean in a reproducing kernel Hilbert
space. This quantity turns out to be easy to approximate with sub-gradient descent [25, 5]
or sampling [27]. However, the ε-cover is a richer and more structured summary of a point
set, and does not admit such simple analysis.

Our approach at its core uses the simple idea that for a kernel with a bounded support
(of value above ε), one can place a grid around each data point with a gap of ε between grid
points. The union of all grid points is the ε-cover. Naively, this provides a bound of roughly
n(1/ε)d for n = |X| points in Rd. This paper shows how to preserve the correctness of this
construction while reducing both n and d to only depend on ε.

Being able to remove the dependence on n is perhaps not that surprising given the
existence of ε-KDE-samples and similar data reduction results. However, this required some
new adaptations on existing ideas as the direct invocation of ε-KDE-samples does not work.
We connect to ε-samples of (traditional) range spaces, which we call semi-linked to kernels,
and their VC-dimension. These semi-linked ranges are defined as the super-level sets of the
difference of two kernel functions. A key insight is that these semi-linked range spaces allow
us to calculate an intermediate object called an ε-cover-sample, via a simple random sample,
and this ε-cover-sample can be converted into an ε-cover. We show for Gaussian, triangle,
Epanechnikov, quartic, and triweight kernels that this VC-dimension bound is O(d2). So
this reduction eliminates the dependence on size n, but adds dependence on dimension d.

More surprising to the authors is that the dependence on the dimension can be elim-
inated. The argument works by showing the existence of an embedding into dimension
m = O((1/ε2) log n) where the measurement of all kernels on the input point set X is
preserved up to ε error. This embedding is a result of invoking terminal JL [33]. It preserves
the RX

p signatures for each point p, and means it is sufficient to create an ε-cover in that
m-dimensional space. However, since the terminal JL embedding map is not invertible for
points not in X, we require a new combinatorial covering argument to show that an ε/8-cover
in Rm is still an ε-cover in the original Rd. While this process eliminates the dependence on
d, it increases it with respect to the number of points n.

Iterating between these two approaches would reduce both n and d, but would naively
require log∗(nd) iterations, potentially inflating the error by that factor, and so not be
independent of one of those two terms. Luckily, however, we can adapt a new inductive
framework [11] for analyzing such iterative reduction processes, and we show a complete
elimination of the dependence on n and d. For positive definite kernels we apply a Rademacher
complexity bound to calculate ε-cover-samples independent of d; this does not immediately
remove ε-cover dependence on d, but does sidestep some of this iterative analysis.

For the lower bound, in low dimensions, the construction works like one may expect for
fixed-radius balls, which when their radius is sufficiently large, act like half-spaces. The size
is trivially Ω(1/ε) in R1, and as we add each dimension we add a point “orthogonal” to
the existing dimensions. The ranges we must cover is the cross-product of these distance
intervals from points in each dimension, leading to a (1/ε)d lower bound for fixed-radius
balls. However, interestingly, this construction stops working for kernels as we approach
1/ε dimensions. This is the result of both the curvature of the level sets and the decaying
contribution with distance: properties implicit in data with full-dimensional noise.

CGT
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Implications. This model and result is relevant in data analysis applications where a
complete trust in data coordinates is rare (e.g., due to sensing noise), and it is common to
have high dimensional data, and this sort of additive ε-error is tolerated if not expected.
We hope this sheds a bit of light onto why learning in such high-dimensional spaces is not
as challenging as traditional curse-of-dimensionality bounds may suggest. That is, if one
assumes sensing noise, adding more and more features (dimensions) does not always generate
more implicit query complexity.

For instance, our new definition of kernel ε-cover is also the notion required to enumerate
all possible ranges that could lead to a distinct solution in the case of approximate range
searching applications or noise-aware statistical modeling (e.g., for evaluating a kriging
model [34] or Nadaraya-Watson kernel regression [44]) or in enumeration for approximate
spatial scan statistics [29]. Spatial scan statistics search (or “scan”) all combinatorial distinct
ranges (up to ε-error) to find one that maximizes some statistic on the data – a candidate for
an anomaly. Recently, Han et.al. [15] defined a kernel spatial scan statistic where the ranges
are replaced with kernel queries, and the goal is still to approximately maximize a function of
data over all such queries; they provide a solution in d = 2. Our results show that eventually,
the size of the space required to search stops growing exponentially with dimension.

Another line of work [3, 6, 13] attempts to bound the number of local maximums of a
Gaussian kdeX for X ⊂ Rd and |X| = n. A lower bound is

(
n
d

)
+ n = Ω(nd) for n, d ≥ 2 [3],

but the upper bound is not known to be finite. If one assumes finiteness, the best bound is
2d+(n

2)(5 + 3d)n. If one only counts local maximum p, q that have 1
|X|∥R

X
p −RX

q ∥1 > ε (i.e.,
are sufficiently distinct), then our result induces a bound of O(2Õ(1/ε2)).

Finally, this result induces the first dimension-independent bounds for ε-KDE-samples [36]
for non-reproducing kernels including triangle, Epanechnikov, and truncated Gaussians.

1.1 Connection to uniform Glivenko-Cantelli classes
Starting with Vapnik and Chervonenkis [43], numerous learning theorists, probabilists,
and combinatorists have studied a strong and general notion of convergence of function
approximation under sampling known as the uniform Glivenko-Cantelli class. It concerns a
class of functions F from a set X to [0, 1]. Then let P be a probability measure over X so
that any f ∈ F is P-measurable over X . Next we use P(f) =

∫
x∈X f(x)dP to denote the

mean of f(x) for x ∼ P. Now for an independent random sample x1, x2, . . . , xm ∼ P, let
Pm(f) = 1

m

∑m
i=1 f(xi) be its approximation by the sample of size m.

Dudley et.al. [12] defines that the family F is ε-uniform Glivenko-Cantelli class if

lim
m→∞

sup
P

Pr[ sup
k≥m

sup
f∈F
|Pk(f)− P(f)| > ε] = 0.

While bounded VC-dimension [43] implies that F is ε-uniform Glivenko-Cantelli, it does not
completely characterize this process.

Alon et.al. [2] showed that a variant of VC-dimension, called Vγ-dimension, for any γ > 0,
did characterize this form of convergence. We say F Vγ-shatters a set A ⊂ X if there exists
a value α ∈ [0, 1] such that for each E ⊆ A, there is another function fE ∈ F so for all
x ∈ A \ E then fE(x) ≤ α− γ and for all x ∈ E then fE(x) ≥ α + γ. The Vγ-dimension of
F is the maximum cardinality A ⊆ X that is Vγ-shattered by F . They showed that if the
Vγ-dimension is finite, then F is (bγ)-uniform Glivenko-Cantelli for some constant b ≤ 48.
Moreover, if the Vγ-dimension is not finite, then F is not (2γ − τ)-uniform Glivenko-Cantelli
for any τ > 0.
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The Glivenko-Cantelli criteria is intimately tied to Ls ε-covers via a result by Dudley
et.al. [12]. An Ls ε-cover is a set F ⊂ F so for any f ′ ∈ F it holds that some f ∈ F

satisfies ∥f − f ′∥s ≤ ε, where ∥f − f ′∥s = (
∫

x∈X |f(x)− f ′(x)|sdP)1/s for 0 < s <∞, and
∥f − f ′∥∞ = maxx∈X |f(x)− f ′(x)|. Let Ns(ε,F , X) be the size of the smallest Ls ε-cover
of (X,F). Now let

Hm(ε,F) = sup
X⊂X

|X|=m

log2(Ns(ε,F , X)).

They showed that F is Glivenko-Cantelli if and only if limm→∞ Hm(ε,F)/m = 0. Moreover,
if ε > 0 and limm→∞ Hm(ε,F)/m = 0, then F is (8ε)-uniform Glivenko-Cantelli. These
results hold for any s ∈ (0,∞] in the definition of ε-cover.

Application to kernel range spaces. This paper studies a restrictive setting within this
framework.

First we consider P as the uniform probability measure on a fixed size-n set X with
X = Rd. Our results do allow n to become arbitrarily large, and the sample complexity
results do not depend on n, so it seems these approaches may extend naturally to continuous
distributions P. However, we do not formalize this limiting case. Moreover, we describe our
results algorithmically, where the algorithms take a finite size n, and have run times which
depend on n.

Second, we consider a specific class of functions FK where each fp(·) = K(p, ·) takes
the form of a kernel. That is each fp ∈ FK is parameterized by a point p ∈ Rd. Then
P(fp) = P(K(p, ·)) = kdeX(p).

Moreover, one can apply a Chernoff-Hoeffding bound on any one covering element
(parameterized by p) with O((1/ε2) log(1/δ)) samples to, with probability 1− δ, get ε error
for any one evaluation point p. Then one can take a union bound over N1(ε/2,FK , X) covering
elements, and using triangle inequality, ensure that with kε = O((1/ε2) log(N1(ε/2,FK ,X)

δ )
samples S, we have with probability at least 1− δ that

sup
fp∈FK

|P(fp)− Pm(fp)| = sup
p∈Rd

|kdeX(p)− kdeS(p)| ≤ ε.

Classically, for binary functions families f ∈ F with f(x) ∈ {0, 1}, this argument also
works using s =∞ [43]; and in this binary setting, the L1 and L∞ distances are equivalent.
However, for real-valued f(x) ∈ [0, 1], the triangle inequality over P(f) requires an L1 bound.

Hence for our setting, ε-uniform Glivenko-Cantelli convergence implies that a random
sample S ⊂ X of some size kε satisfies that supp∈Rd |kdeX(p) − kdeS(p)| ≤ ε; hence a
random sample S of size kε is an ε-KDE coreset. Thus our bound of N1(ε,FK , X) = 2Õ(1/ε2)

implies that we can bound kε = Õ(1/ε4).
It was already known [27, 37] that kε = O((1/ε2) log(1/δ)), with no dependence on n or

d when the kernel K is reproducing (e.g., for Gaussian or Laplace kernels). So this reduction
does not imply new ε-KDE coreset results for this class of kernels. But our main result
applies to “simply computable” kernels (defined below), includes the Epanechnikov, Triangle,
Quartic, Triweight, and the truncated Gaussian, which are not reproducing.

Moreover, by leveraging an intermediate result on semi-linked range spaces, we can also
obtain bounds of size kε = Õ(1/ε6) (see Appendix A.3).

Next we discuss what the existing results [27, 37] which show kε being independent of n and
d imply about the size of the ε-covering N∞(ε,FK , X). Uniform Glivenko-Cantelli ensures
that limm→∞ Hm(ε,FK)/m = 0. This means Hm(ε,FK) = sup X⊂X

|X|=m
log2(N1(ε,FK , X)) =

CGT
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o(m), and so for |X| = m then N1(ε,FK , X) = 2o(m). Note that this bound can allow
N1(ε,FK , X) to depend on the dimension d as long as it is fixed. Our result of N1(ε,FK , X) =
2Õ(1/ε2) is much stronger, as it implies no dependence on the m = |X| or the dimension d.

Finally, we back up to the notion of Vγ-shattering, and consider the implications of setting
γ = ε. In our setting, a Vε-shattering dimension of D would imply (using the contrapositive
of the above definition) that for each x ∈ X that for any set of D + 1 (or more) points
A ⊂ X, then no value α ∈ [0, 1] can have all subsets E ⊆ A ε-separated. That is, there must
be some subset E ⊆ A so there is not a function fE ∈ FK so for x ∈ E that fE(x) ≤ α− ε,
and for x ∈ A \ E then fE(x) ≥ α + ε. So a Vε-shattering of FK dimension of D = Õ(1/ε2)
would imply that for D + 1 or more points, that there would always be some subset A that
cannot be ε-separated by a kernel K(p, ·). This is not what our main technical lemma shows.
Instead, it uses a version of an L1 distance, that shows that K(p, ·) and K(p′, ·) differ on
average over x ∈ X by at most ε for p in an ε-cover, and p′ as any point in Rd. Whereas the
Alon et.al. [2] paper uses a less discriminative L∞ distance that requires K(p, ·) and K(p′, ·)
to differ on all points x ∈ X by ε.

In summary, the famous Glivenko-Cantelli analysis of Alon et.al. [2] provides a complete
analysis of uniform convergence rates, but does not provide a finite sample size bound kε

necessary to achieve an ε error. In order to completely characterize this rate bound, they rely
on a stronger L∞ type of distance between functional ranges; however, to provide a finite
sample bound, we show we only need an L1 variant of the distance between these functional
ranges. By restricting ourselves to this L1 distance, we are able to show finite sample bounds
for kε that are independent of n and d for a broad class of kernel range spaces defined over n

points in Rd.

2 Preliminaries: kernels, range Spaces, and covers

There can be many definitions of a kernel, we start by specifying what properties are needed
in this work. A symmetric bi-variate function K : Rd × Rd → R is centrally symmetric if
K(p, x) = g(∥x − p∥), where g : R≥0 → R≥0 is a continuous function. We say that K is
L-Lipschitz if g is. Given ε > 0, the ε-critical radius r = r(ε) of K is the smallest positive
real number such that g(r′) < ε for any r′ > r. The ball Br(x) = {p ∈ Rd | ∥p − x∥ ≤ r}
with r = r(ε) is then called the ε-critical ball around x. We call K a (L, r)-standard kernel if
it is a non-negative, L-Lipschitz, centrally symmetric function with critical radius r such that
r(ε/2) = O(r(ε)) and for ε < 1/2, r(ε) > C for some absolute constant C > 0. Standard
kernels are continuous and bounded, which implies without loss of generality, by normalizing,
we may assume that they take a maximum value of 1. The most common standard kernel
is the Gaussian kernel K(x, y) = e−∥x−y∥2/σ2 ; see others in Table 1, where the parameter
σ > 0 is elsewhere assumed σ = 1.

A kernel K is called k-simply computable, for some constant positive integer k, if for
any p, q, x ∈ Rd and τ ∈ R+, the inequality |K(p, x) − K(q, x)| ≥ τ can be verified in
O(dk−1) steps using the “simple” arithmetic operations +,−,×, and /, jumps conditioned on
>,≥, <,≤, =, and ̸= comparisons, and O(1) evaluations of the exponential function z 7→ ez

on reals. K is called simply computable if it is k-simply computable for a constant k. We
will mostly work with simply computable kernels. It is easy to see Gaussian, Epanechnikov,
quartic and triweight kernels are 2-simply computable; Theorem 32 in Appendix A.6 shows
triangle kernels are also 2-simply computable. It is not clear if Laplace kernels are simply
computable, but they are positive definite, which we handle separately in Theorems 13 and
19.
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Kernel Rule: K(x, y) L r k ε-cover sizes Theorem

Gaussian e−∥x−y∥2/σ2
√

2/e

σ
σ

√
ln(1/ε) 2 ( 1

ε
)O( 1

ε2 log2( 1
ε

)) 17, 19
Laplace e−∥x−y∥/σ 1/σ σ ln(1/ε) 3 ( 1

ε
)O( 1

ε2 log3( 1
ε

)) 19
Epanechnikov max{0, 1 − ∥x−y∥2

σ2 } 2/σ σ
√

1 − ε 2 ( 1
ε
)O( 1

ε2 log( 1
ε

)) 17
Triangle max{0, 1 − ∥x−y∥

σ
} 1/σ σ(1 − ε) 2 ( 1

ε
)O( 1

ε2 log( 1
ε

)) 17
Quartic max{0, 1 − ∥x−y∥2

σ2 }2 8
3

√
3σ

σ
√

1 −
√

ε 2 ( 1
ε
)O( 1

ε2 log( 1
ε

)) 17
Triweight max{0, (1 − ∥x−y∥2

σ2 )3} 96
25

√
5σ

σ
√

1 − 3√ε 2 ( 1
ε
)O( 1

ε2 log( 1
ε

)) 17

Trun-Gaussian 1
1−τ

(e−∥x−y∥2/σ2
− τ)

√
2/e

σ
σ

√
ln( 1

τ+(1−τ)ε
) 2 ( 1

ε
)O( 1

ε2 log2( 1
ε

)) 17

Table 1 Examples of standard kernels with L, r, k values and their d, n-free ε-cover sizes.

2.1 Generalized range spaces and ε-covers
Recall that the symmetric difference of two sets A and B is A△B = (A ∪B) \ (A ∩B). Let
(X,A) be a range space, where X ⊂ Rd is a finite set, and let ε > 0. A range space (X,A△)
is called an ε-covering of (X,A) if A△ ⊂ A, and for any A ∈ A there is an A′ ∈ A△ such
that |(X ∩A)△ (X ∩A′)| ≤ ε|X| [28]; that is the difference in elements that A and A′ cover
is ≤ ε|X|.

Consider the n-dimensional hypercube

Wn = [0, 1]n = {w = (w1, . . . , wn) ∈ Rn : 0 ≤ wi ≤ 1 (1 ≤ i ≤ n)},

equipped with the normalized L1-distance

d△(w, w′) = 1
n∥w − w′∥1 = 1

n

∑n
i=1 |wi − w′

i|,

where w = (w1, . . . , wn), w′ = (w′
1, . . . , w′

n) ∈Wn.

Generalized ε-covers. For a point set X = {x1, . . . , xn} ⊂ Rd and a kernel K : Rd × Rd →
[0, 1], a query point p ∈ Rd defines a signature vector

RX,K
p = (K(p, x1), . . . , K(p, xn)) ∈Wn.

The generalized symmetric difference distance (with respect to K and X) on Rd is defined by

dX,K
△ (p, q) = d△(RX,K

p , RX,K
q ) = 1

|X|
∑

x∈X |K(p, x)−K(q, x)|.

Since the kernel K will be fixed, for simplicity, we remove it from the superscripts of RX,K
p

and dX,K
△ (p, q). We may also remove the superscript X if there is no ambiguity. For S ⊂ X

if we set wi = 1 when xi ∈ S and 0 otherwise (i.e., w is a corner of Wn), and similarly for
S′ ⊂ X, then d△(w, w′) = |S △ S′|/n.

For a kernel range space (X, K), an ε-cover is a set Q ⊂ Rd such that for every p ∈ Rd

there exists a q ∈ Q such that dX
△(p, q) ≤ ε. If K is (L, r)-standard, then

dX
△(p, q) = 1

n

n∑
i=1
|K(p, xi)−K(q, xi)| ≤

L

n

n∑
i=1
∥p− q∥ = L∥p− q∥;

hence a sufficient condition for ε-cover Q is for all p ∈ Rd to have some q ∈ Q so ∥p−q∥ ≤ ε/L.
Next we can restrict this condition further to just query points p in the critical ball

defined by K around each xi ∈ X, i.e., p ∈ B̃ =
⋃n

i=1 Br(xi), where r is the ε-critical radius

CGT
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of K. Otherwise, i.e. if p, q /∈ B̃, both K(p, xi) and K(q, xi) are less than ε and so the
inequality dX

△(p, q) ≤ ε holds trivially. In fact, one point q /∈ B̃ can cover all points in Rd \ B̃

as an ε-cover. We denote this point by q∞. That is, if we get a τ -cover for X in the sense of
metric spaces (τ depends on ε and K), then we have an ε-cover for (X, K).

▶ Theorem 1. Consider a point set X of size n in Rd and a (L, r)-standard kernel K(x, y).
One can construct an ε-cover of size n

( 3Lr
ε

)dfor the kernel range space (X, K).

Proof. A metric space ε
L -cover of B̃ = ∪n

i=1Br(xi) will provide an ε-cover of (X, K). The
covering number, N(V, ε), of V ⊂ Rd is bounded by Vol(V )

Vol(B) ( 3
ε )d, where B shows the unit ball

in Rd. The volume of a ball of radius r in Rd is πd/2

Γ(d/2+1) rd, where Γ is the Gamma function.
So each ball of radius r can be covered by

( 3r
ε/L

)d points. Therefore, n
( 3Lr

ε

)d points are
sufficient for an ε-cover of (X, K). ◀

▶ Corollary 2. For point set X ⊂ Rd of size n, applying Theorem 1 and Table 1, these
kernels admit ε-covers for (X, K):

Gaussian size: n(3/ε)d lnd/2(1/ε) Laplace size: n(3/ε)d lnd(1/ε)
Triangle size: n(3/ε)d Epanechnikov size: n(3/ε)d

Quartic size: n(3/ε)d Triweight size: n(3/ε)d

3 ε-cover-samples and reducing the number of points

We next build to the new definition of an ε-cover-sample. This is a subset of points that
preserves the above gridding-based construction for an ε-cover. We start with the more well-
known definition of an ε-sample, and its existing generalization to kernels. We observe this
does not quite capture the right definition of a subset, so we evolve it to the ε-cover-sample.

An ε-sample [16] for a range space (X,A) is a set S ⊂ X such that

max
A∈A

∣∣∣∣ |X ∩A|
|X|

− |S ∩A|
|S|

∣∣∣∣ ≤ ε.

If K ≤ 1 is a kernel defined on X, then, following [21], an ε-KDE-sample (also called ε-sample
for (X, K)) is a set S ⊂ X so

max
q∈Rd

∣∣∣∣ 1
|X|

∑
x∈X

K(q, x)− 1
|S|

∑
s∈S

K(q, s)
∣∣∣∣ ≤ ε.

A kernel is said to be linked [21] to a range space (X,A) if for any possible input point
q ∈ Rd and any value v ∈ R+ the super-level set of K(·, q) defined by v is equal to some
H ∈ A, i.e. {x ∈ Rd : K(x, q) ≥ v} = H. If S is an ε-sample for (X,A), where A is linked
to K, then S is also an ε-KDE-sample [21, Theorem 5.1].

An ε-cover-sample for X is a set S ⊂ X such that for any p, q ∈ Rd,∣∣dX
△(p, q)− dS

△(p, q)
∣∣ ≤ ε.

Appendix A.2 shows that an ε-cover-sample is an ε-KDE-sample, so an ε-cover-sample is a
generalization of an ε-KDE-sample. However, we can only show an ε-KDE-sample implies
the following (note the absolute values outside the sum):∣∣∣∣∣∣∣∣ 1

|X|
∑
x∈X

[
K(p, x)−K(q, x)

]∣∣∣∣− ∣∣∣∣ 1
|S|

∑
s∈S

[
K(p, s)−K(q, s)

]∣∣∣∣∣∣∣∣ ≤ 2ε.

Moreover, the example below shows that an ε-cover-sample may not be an ε-cover.
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▶ Example 3. Fix z ∈ R and let X = {x1, . . . , xn} ⊂ R, where x1 = · · · = xn = z (or small
perturbations of z), and consider the Gaussian kernel K(x, y) = e−∥x−y∥2 . Then S = {z}
will be an ε-cover-sample for any ε > 0 since K(p, xi) = K(p, z) for all i and all p ∈ R. So,
for any p, q ∈ R,

∣∣dX
△(p, q)− dS

△(p, q)
∣∣ =

∣∣∣∣ 1
n

n∑
i=1
|K(p, xi)−K(q, xi)| − |K(p, z)−K(q, z)|

∣∣∣∣ = 0 < ε.

Now let p ∈ R be arbitrary. If S is an ε-cover for (X, K), then we should have dX
△(p, z) < ε

(remember that S is a singleton and the only choice from S is z) and so considering the fact
that Rz = (1, . . . , 1) (since x1 = · · · = xn = z), we will need to have

|K(p, z)− 1| = 1
n

n∑
i=1
|K(p, xi)− 1| = 1

n

n∑
i=1
|K(p, xi)−K(z, xi)| < ε.

However, this is impossible for an arbitrary p ∈ R; and any ε-cover Q needs at least one
point in each annulus Si = {p : (i− 1)ε < K(p, z) ≤ iε} for 1 ≤ i ≤ 1/ε.

3.1 Semi-linked range spaces
The semi-super-level set of a kernel K with respect to the points p, q ∈ Rd and τ ∈ R+ is

Rp,q,τ = {x ∈ Rd : |K(p, x)−K(q, x)| ≥ τ}.

Moreover, K is said to be semi-linked to a range space (Rd,A) if Rp,q,τ ∈ A for any possible
p, q ∈ Rd, τ ∈ R+. We also say A is semi-linked to K. This is extending the idea of
super-level sets and linking kernels to range spaces from [21]. There are also ε-KDE-samples
of size O(1/ε2) for characteristic kernels, either using a uniform random sample [27] or
via an iterative greedy algorithm [5, 25]; see discussion in [36]. The size can be improved
to O(1/ε) when d is constant [40] for Gaussian kernels or for a bounded domain [22], or
O(
√

d/ε ·
√

log(1/ε)) for positive definite kernels [36].
In the following theorem we extend the linking-based result to ε-cover-samples that are

now semi-linked to an appropriate range space. The proof mostly follows the strategy of
Joshi et al. [21], and is deferred to Appendix A.4. The main idea is for any query based
on values p, q ∈ Rd, all points in X can be sorted in descending order by their value in
|K(p, x)−K(q, x)|. For each subset in this order, it is guaranteed to have the appropriate
error levels by the associated semi-linked range space. Through some case analysis, as in
[21], one can show that the error cannot accumulate too much across different levels.

▶ Theorem 4. Let S be an ε-sample for (X,A), where A is semi-linked to a kernel K, where
K ≤ 1. Then S is an ε-cover-sample for X.

Consider a range space (X,A), and a kernel K such that its critical radius is finite for
any ε and A is semi-linked to K. Then A is linked to K, so this is a generalization of the
linked range space result.

▶ Theorem 5. Consider a (L, r)-standard kernel K in Rd. One can construct an ε-cover
with s

(
Lr
ε

)d points for the kernel range space (X, K), where s is the size of an ε/2-sample
for (X,A), where A is semi-linked to K.

Proof. Let S be an ε/2-sample of size s for (X,A), where A is semi-linked to K. Then

∀p, q ∈ Rd,
∣∣dX

△(p, q)− dS
△(p, q)

∣∣ ≤ ε/2. (1)

CGT
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Applying Theorem 1 for S we can get an ε/2-cover Q for (S, K) of size s
( 6Lr

ε

)d. Let p ∈ Rd

be arbitrary. Choose q ∈ Q such that dS
△(p, q) ≤ ε/2. Then utilizing (1) we get

dX
△(p, q) ≤

∣∣dX
△(p, q)− dS

△(p, q)
∣∣ + dS

△(p, q) ≤ ε. ◀

3.2 Bounding the VC-dimension of semi-linked range spaces
Given a range space (X,A), a subset Y ⊂ X is said to be shattered by A if all subsets Z ⊂ Y

can be realized as Z = Y ∩ R for some R ∈ A. Then the VC-dimension of a range space
(X,A) is the cardinality of the largest subset Y ⊂ X that can be shattered by A.

Let Ad = {Rp,q,τ : p, q ∈ Rd, τ > 0}, where K is a standard kernel and Rp,q,τ is its
semi-super-level set. Now consider the class of functions H = {ha : Rd → {0, 1}|a ∈ RN},
where ha(x) = h(a, x) and h : RN × Rd → {0, 1} is a function. This each ha(·) defines a
subset of Rd – the points x which evaluate to 1. Suppose h is “simply computable”, that
is, computing h(a, x) for any a ∈ RN and x ∈ Rd requires no more than t of the arithmetic
operations, jumps conditions (described in Preliminaries) and comparisons, and requires u

times evaluation of the exponential function z 7→ ez. Then Theorem 8.14 of [4] implies

dimVC((Rd, H)) ≤ d2(u + 1)2 + 11d(u + 1)(t + log(9d(u + 1))).

In the appendix we have shown that dimVC((Rd,A1)) = 4, dimVC((Rd,A2)) ≥ 6 and
dimVC((Rd,Ad)) ≥ d + 1, where K is any of the kernels listed in Table 1. In order to get an
upper bound on the VC-dimension of Ad we employ the above simple operations theorem.

▶ Theorem 6. Let Ad = {Rp,q,τ : p, q ∈ Rd, τ > 0}, where K is a k-simply computable
standard kernel and Rp,q,τ = {x ∈ Rd : |K(p, x)−K(q, x)| ≥ τ}. Then dimVC(Ad) = O(dk).

Proof. For p, q ∈ Rd, τ ∈ R+ let χ+
p,q,τ and χ−

p,q,τ be the characteristic functions of the sets

R+
p,q,τ = {x ∈ Rd : K(p, x)−K(q, x) ≥ τ} and R−

p,q,τ = {x ∈ Rd : K(p, x)−K(q, x) ≤ −τ},

respectively. Then hp,q,τ = χ+
p,q,τ + χ−

p,q,τ is the characteristic function of Rp,q,τ , i.e.
hp,q,τ (x) = 1 if x ∈ Rp,q,τ and 0 otherwise. Therefore, we have the class of functions

H = {hp,q,τ : Rd → {0, 1}| p, q ∈ Rd, τ ∈ R+},

(we set N = 2d + 1 here, for the coordinates to describe p, q, τ).
Because determining |K(p, x)−K(q, x)| ≥ τ needs O(dk−1) simple operations, one can

easily observe that hp,q,τ (x) can be computed by t = O(dk−1) steps using above-mentioned
simple operations and u = O(1) evaluations of the exponential function. Therefore, by [4,
Theorem 8.14], the VC-dimension of H is upper bounded by dimVC(H) = O(dk). Hence,
dimVC(Ad) = O(dk). ◀

For a range space (X,A) with VC-dimension ν, a random sample from X of size
O((1/ε2)(ν + log 1/δ)) is an ε-sample with probability at least 1− δ [41, 26]. Using this fact
and applying Theorem 5 we obtain the following corollaries.

▶ Corollary 7. Let K be a k-simply computable standard kernel on Rd. A random sample
from X of size O((1/ε2)(dk + log 1/δ)) is an ε-cover-sample for X with probability ≥ 1− δ.

Now applying Theorem 5 gives the following result.

▶ Corollary 8. Let K be a k-simply computable (L, r)-standard kernel on Rd. Then O
(
(dk +

log(1/δ))(6Lr)d/εd+2)
points suffice to construct an ε-cover for (X, K) with probability

≥ 1− δ.
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4 An upper bound on ε-cover size for high dimensions

This section builds a dimension-free size upper bound for a kernel ε-cover. We use the
following theorem, termed ε-terminal dimensionality reduction or ε-terminal JL, from [33]
(see [10] for an algorithmic version of terminal JL. Appendix B also gives the algorithm for
computing terminal JL):

▶ Theorem 9. ([33, Theorem 1.2]) Let ε ∈ (0, 1) and X = {x1, . . . , xn} ⊂ Rd be arbitrary
with n > 1. Then there exists a function f : Rd → Rm with m = O(log(n)/ε2) such that for
all xi ∈ X and all p ∈ Rd, ∥p− xi∥ ≤ ∥f(p)− f(xi)∥ ≤ (1 + ε)∥p− xi∥.

▶ Lemma 10. Let ε > 0, K be a (L, r′)-standard kernel, r = r′(ε/2), and S ⊂ Rd be a
finite subset of Rd. Let also f : Rd → Rm be the ε/(2Lr)-terminal dimensionality reduction
transform for S, where m = O(L2r2 log(|S|)/ε2). Then for any p ∈ Rd the following holds:∑

s∈S

|K(f(p), f(s))−K(p, s)| < ε

2 |S|.

Proof. Since K is L-Lipschitz, using terminal dimensionality reduction property, for any
p ∈ Rd and s ∈ S, we infer that

|K(f(p), f(s))−K(p, s)| ≤ L|∥f(p)− f(s)∥ − ∥p− s∥| ≤ ε

2r
∥p− s∥. (2)

Therefore, applying (2), for any p, q ∈ Rd and s ∈ S (note |f(S)| = |S| as f is invertible on
S), we get∑

s∈S

|K(f(p),f(s))−K(p, s)|

=
∑

∥p−s∥>r

|K(f(p), f(s))−K(p, s)|+
∑

∥p−s∥≤r

|K(f(p), f(s))−K(p, s)|

≤
∑

∥p−s∥>r

ε

2 +
∑

∥p−s∥≤r

ε

2r
∥p− s∥ ≤

∑
s∈S

ε

2 = ε

2 |S|.

◀

▶ Lemma 11. Let ε > 0, K be a (L, r′)-standard kernel, r = r′(ε/2), and S ⊂ Rd be a
finite subset of Rd. Let also f : Rd → Rm be the ε/(2Lr)-terminal dimensionality reduction
transform for S, where m = O(L2r2 log(|S|)/ε2). Then for any p, q ∈ Rd the following holds:

|df(S)
∆ (f(p), f(q))− dS

∆(p, q)| < ε.

Proof. Applying Lemma 10, for any p, q ∈ Rd and any s ∈ S (note |f(S)| = |S| as f is
invertible on X), we get

d
f(S)
∆ (f(p), f(q)) = 1

|S|
∑
s∈S

|K(f(p), f(s))−K(f(q), f(s))|

≤ 1
|S|

∑
s∈S

(
|K(f(p), f(s))−K(p, s)|+ |K(p, s)−K(q, s)|+ |K(f(q), f(s))−K(q, s)|

)
≤ 1
|S|

[ε

2 |S|+
∑
s∈S

|K(p, s)−K(q, s)|+ ε

2 |S|
]

= dS
∆(p, q) + ε.

Similarly, we can show dS
∆(p, q) ≤ d

f(S)
∆ (f(p), f(q)) + ε. ◀

CGT
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The following corollary will help us in proving our main result (Theorem 17), where
we need to construct an ε-cover for a set S from an ε-cover of its image under terminal
dimensionality reduction transform.

▶ Corollary 12. Let ε > 0, K be a (L, r′)-standard kernel, r = r′(ε/16), X = {x1, . . . , xn} ⊂
Rd and S be an ε

4 -cover-sample for X. Let also f : Rd → Rm be the ε/(16Lr)-terminal
dimensionality reduction transform on S, where m = O(L2r2 log(|S|)/ε2). If Q is an ε

8 -cover
for (f(S), K), then we can compute an ε-cover for (X, K) of size at most |Q|.

Proof. Compute a naive ε
8 -cover QS = {p1, . . . , pM} for S of size M = |S|

( 24Lr′

ε

)d by
Theorem 1. We say a point pi is covered by a point q ∈ Q if f(pi) ∈ Bε/8(q), the ε/8-radius
ball in the metric space (W|f(S)|, d

f(S)
△ ). Process points pi ∈ QS one-by-one, putting some in

a new set Q′. To process a pi, put it in Q′, find a point q ∈ Q that covers pi, and remove q

from Q. Remove all pj ∈ QS from QS that are also covered by q. The process concludes
when the whole QS is processed. We claim that Q′ is an ε-cover for (X, K); it is of size at
most |Q|.

Let p ∈ Rd. Since Q is an ε
8 -cover for (f(S), K), there is q ∈ Q such that d

f(S)
∆ (f(p), q) < ε

8 .
Let pi ∈ QS be such that dS

∆(p, pi) < ε
8 . If pi ∈ Q′, we are done. Otherwise, there must

be a pj ∈ QS with j < i such that f(pi), f(pj) ∈ Bε/8(q′) for some q′ ∈ Q, and pj is
included in Q′ by the construction of Q′. Thus d

f(S)
∆ (f(pi), f(pj)) < ε

4 . The proof will be
complete if we show dX

∆(p, pj) < ε. Employing Lemma 11 with ε/(16Lr) and S we obtain
|df(S)

∆ (f(p), f(pi))− dS
∆(p, pi)| ≤ ε

8 , and so d
f(S)
∆ (f(p), f(pi)) < ε

4 . Therefore,

d
f(S)
∆ (f(p), f(pj)) ≤ d

f(S)
∆ (f(p), f(pi)) + d

f(S)
∆ (f(pi), f(pj)) < ε/2.

Applying Lemma 11 in a similar fashion we get |df(S)
∆ (f(p), f(pj))−dS

∆(p, pj)| ≤ ε
8 . Combining

last two inequalities we conclude that dS
∆(p, pj) < 5ε

8 . On the other hand, because S is an
ε
4 -cover-sample for X, we have |dX

∆(p, pj) − dS
∆(p, pj)| ≤ ε

4 , which means that dX
∆(p, pj) <

7ε
8 < ε. ◀

4.1 Input-size and dimension-free bound for ε-cover size
The bound we proved in Corollary 8 on ε-cover size is input size (n = |X|)-free but depends
on the dimension d. In Theorem 13 we give an input-size- and dimension-free upper bound
on the size of ε-cover-sample for positive definite kernels using Rademacher complexity. Then
in Theorem 15 we obtain a similar bound for k-simply computable standard kernels. These
two theorems will result in input-size- and dimension-free upper bound for ε-cover size.

▶ Theorem 13. Let X = {x1, . . . , xn} ⊂ Rd, K be a positive definite bounded kernel on Rd,
and let δ ∈ (0, 1) be the probability of failure. Then a random sample of size m > 1

49ε2 log( 1
δ )

is an ε-cover-sample for X with probability ≥ 1− δ.

Proof. For any p, q ∈ Rd, clearly Ex∼X [fp,q(X)] = 1
n

∑n
i=1 |K(p, xi) − K(q, xi)|, where E

denotes the expectation. Consider an i.i.d random sample S = {s1, . . . , sm} of X of size m.
Define the family of functions

G = {fp,q : X → [0, 1] | p, q ∈ Rd, fp,q(x) = |K(p, x)−K(q, x)| for x ∈ X}.

Applying the two-sided Rademacher complexity bound theorem (see Theorem 3.3 of [31] for
a one-sided bound) on X, S and G with probability of at least 1− δ we get∣∣∣∣ 1

n

n∑
i=1
|K(p, xi)−K(q, xi)| −

1
m

m∑
j=1
|K(p, sj)−K(q, sj)|

∣∣∣∣ ≤ 2R̂S(G) + 3
√

log(4/δ)
2m

, (3)
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where R̂S(G) denotes the empirical Rademacher complexity of G with respect to the sample
S. On the other hand, by Theorem 33 we know that R̂S(BH

1 (0)) ≤ 1√
m

, where BH
1 (0)

denotes the unit ball around the origin in RKHS. Notice K(p, ·) belongs to BH
1 (0) for any p

in Rd. Now, by inspection of the definition of the Rademacher complexity one can see that
the Rademacher complexity of BH

1 (0)−BH
1 (0) will be at most 2√

m
. Employing Talagrand’s

contraction principle (see Lemma 5 in [30]) for BH
1 (0)−BH

1 (0) and absolute value function
(which is 1-Lipschitz), we observe that the Rademacher complexity of G is at most 2√

m
.

Therefore, applying our notation in the paper, by (3) we obtain

|dX
△(p, q)− dS

△(p, q)| ≤ 4/
√

m + 3
√

log(4/δ)/(2m) ≤ 7
√

log(1/δ)/m.

Setting 7
√

log(1/δ)/m < ε gives m > 1
49ε2 log( 1

δ ). ◀

The similar bound for ε-cover-sample size of k-simply computable standard kernels relies
on the following observation, which is an easy application of triangle inequality.

▶ Lemma 14. Let S be an ε/2-cover-sample of X and S′ an ε/2-cover-sample of S. Then
S′ is an ε-cover-sample of X.

The intuition behind the proof of the following theorem is recursively applying Lemma
14, by creating ε-cover-samples of ε-cover-samples, each of smaller size. At the start of each
step i we have a size ni and dimension di. We can apply terminal JL to reduce the dimension
to d′

i = O((1/ε2) log ni), and then Corollary 7 to create an ε-cover-sample of size (roughly)
ni+1 = O((d′

i/ε)2) = O((1/ε)6 log2 ni). Combining these steps does not immediately remove
the dependence on n (or the initial d), but it does push the dependence on n into the log
term. Applying this recursively the dependence on n can eventually be eliminated, but at
the cost of a log∗(n) error factor (since we accumulate ε-error at each recursive step), which
ultimately needs to be folded back into the size bound, adjusting ε′ = ε/ log∗(n). Instead
we apply an inductive argument (inspired by the proof of Theorem 12.3 of [32]), so we only
need to argue about one step. We show that applying the reductions with sufficiently small
error parameter ε it can be independent of n and d. It again uses Lemma 14 but only once.
However, this argument is complicated by the two-stage approach because the dependence on
n and d are linked, and reducing one relies on the other. Like the recursive method sketched
above, by combining them we can reduce the dependence on both terms.

▶ Theorem 15. Let ε, δ ∈ (0, 1), consider a finite point set X ⊂ Rd and let K be a k-simply
computable (L, r)-standard kernel. Then with probability at least 1− δ, a random sample of
size O

( 1
ε2+2k L2kr2k logk( Lr

εδ )
)

from X is an ε-cover-sample for X.

Proof. Let T (ε, δ, X) denote the least positive integer such that a uniform sample of X

of size T (ε, δ, X) is an ε-cover-sample of X with probability at least 1 − δ. We prove the
theorem by induction on ε. If n ≤ 1

ε2+2k , then T (ε, δ, X) ≤ n ≤ 1
ε2+2k , and so X would be an

ε-cover-sample of X satisfying the claim of the theorem. Thus assume that n > 1
ε2+2k . Let S

be an ε/2-cover-sample of X with probability at least 1− δ/2. Then employing Lemma 14,
any ε/2-cover-sample S′ of S, with probability at least 1− δ/2, would be an ε-cover-sample
of X with probability ≥ 1− δ. This means that for any ε/2-cover-sample S′ of S we have

T (ε, δ, X) ≤ T (ε/2, δ/2, S) ≤ |S′|. (4)

Let f : Rd → Rm be the ε′-terminal dimensionality reduction transform for the set S

and ε′ = ε/(6Lr(ε/6)), where m = O(L2r2 log(|S|)/ε2). Now consider the range space

CGT
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(f(S),Am). By Theorem 6, dimVC(Am) = O(mk). Hence, a random sample S′′ of size
n′′ = (C1/ε2)(mk + log 1/δ) from f(S) is an ε/6-sample for f(S) with probability at least
1− δ/2 [41, 26], where C1 is a sufficiently large constant. Now Theorem 4 shows that S′′ is
an ε/6-cover-sample for f(S) with probability at least 1− δ/2. However, since f is invertible
on S, we have S′′ = f(S′), where S′ = {s′ ∈ S : f(s′) = s′′ for some s′′ ∈ S′′}. Let us show
that S′ is an ε/2-cover-sample for S. Let p, q ∈ Rd be arbitrary. Then with probability
≥ 1− δ/2,

|dS
△(p, q)− dS′

△ (p, q)| ≤ |dS
△(p, q)− d

f(S)
△ (f(p), f(q))|

+|df(S′)
△ (f(p), f(q))− dS′

△ (p, q)|+ |df(S)
△ (f(p), f(q))− d

f(S′)
△ (f(p), f(q))|

≤ ε/6 + ε/6 + ε/6 = ε/2,

where we applied Lemma 11 two times and utilized the fact that f(S′) = S′′ is an ε/6-cover-
sample for f(S). Obviously, |S′| = |S′′| = n′′. By plugging in m = C2L2r2 log(|S|)/ε2 for
some constant C2 > 0, we obtain

|S′| = C1

ε2

[(C2

ε2 L2r2 log(|S|)
)k

+ log 1
δ

]
≤ C1(Ck

2 + 1)
ε2+2k

L2kr2k logk
( |S|

δ

)
.

Since the above inequality holds for any ε/2-cover-sample S of X, we can infer that

|S′| ≤ C1(Ck
2 + 1)

ε2+2k
L2kr2k logk

(T (ε/2, δ/2, X)
δ

)
.

Therefore, applying inductive hypothesis and the fact that k is constant and for any constant
a > 1 and x ≥ a1/(a−1), logk(ax) ≤ ak logk(x), which can be easily observed, we get

logk
( 22+2kC

ε2+2k L2kr(ε/2)2k logk( 4Lr(ε/2)
εδ )

δ

)
≤ logk

((2C1/(2+2k)Lr(ε/2) log( 4Lr(ε/2)
εδ )

εδ

)2+2k
)

≤ (2 + 2k)kCk
3 Ck/(2+2k) logk

(Lr log( 4Lr(ε/2)
εδ )

εδ

)
≤ (2 + 2k)kCk

3
√

C
(

log
(Lr

εδ

)
+ log log

(C3Lr

εδ

))k

≤ (2 + 2k)kCk
3
√

C
(

1.4 log
(C3Lr

εδ

))k

≤ 1.4k(2 + 2k)kC2k
3
√

C logk
(Lr

εδ

)
,

and thus

|S′| ≤ 1.4k(2 + 2k)kC1(Ck
2 + 1)C2k

3
√

C

ε2+2k
L2kr2k logk

(Lr

εδ

)
,

where C3 is a constant making sure that 4r(ε/2) ≤ C3r(ε); recall that here r = r(ε) is the
ε-critical radius. Hence, if we put C such that

√
C ≥ 1.4k(2 + 2k)kC1(Ck

2 + 1)C2k
3 , then by

(4) we conclude T (ε, δ, X) ≤ C
ε2+2k L2kr2k logk( Lr

εδ ). ◀

With the same proof technique as in Theorem 15 one can prove the following corollary,
which gives an input-size- and dimension-free upper bound on the ε-KDE-samples. For
characteristic kernels it is known that smaller such upper bounds of size O( 1

ε2 log 1
δ ) exist

[27, 35, 9, 5, 25]. Our bound, however, applies for non-characteristic kernels as well. The only
modification we need is applying super-level sets rather than semi-super-level sets. Notice,
in this setting, more kernels can be considered as k-simply computable such as Laplacian
kernel, where one can argue that it is 3-simply computable.
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▶ Corollary 16. Let ε, δ ∈ (0, 1), consider a finite point set X ⊂ Rd and let K be a k-simply
computable (L, r)-standard kernel in the sense of super-level sets. Then with probability
≥ 1− δ, a random sample of size O

( 1
ε2+2k L2kr2k logk( Lr

εδ )
)

from X is an ε-KDE-sample for
X.

Finally, we reach our goal for this section which was providing an input-size- and dimension-
free upper bound on ε-cover size. Recall that for most kernels the Lipschitz factor L is a
constant, and the critical radius r is a constant or polylog(1/ε).

▶ Theorem 17. Let ε > 0 and X = {x1, . . . , xn} ⊂ Rd, and K be a k-simply computable
(L, r)-standard kernel. Then, with constant probability, we can compute an ε-cover for (X, K)

of size
(

Lr
ε

)O
(

L2r2
ε2 log( Lr

ε )
)
.

Proof. Let S be an ε/4-cover-sample of X of size |S| = O( 1
ε2+2k L2kr2k logk(Lr

ε )); which is
guaranteed to exist by Theorem 15, and fix the probability of failure δ = 0.1, or any constant
in (0, 1). Let f : Rd → Rm be the ε′-terminal dimensionality reduction transform for the set
S and ε′ = ε/(4Lr), where m = O(L2r2 log(|S|)/ε2) = O(L2r2 log(Lr/ε)/ε2).

Then by Corollary 12, an ε/8-cover Q of (f(S), K) will provide us with an ε-cover
of (X, K) of size at most |Q|. Finally, by Theorem 1, f(S) admits an ε/8-cover of size
O(( 24

ε )m+2+2kLm+2krm+2k logk( Lr
ε )) = ( Lr

ε )O(L2r2 log( Lr
ε )/ε2) for (X, K). ◀

By the discussion in Section 1.1 we conclude the following corollary, which interestingly
is a k-free improvement upon Corollary 16.

▶ Corollary 18. Let ε, δ ∈ (0, 1), consider a finite point set X ⊂ Rd and let K be a k-simply
computable (L, r)-standard kernel in the sense of super-level sets. Then with probability
≥ 1− δ, a random sample of size Õ

( 1
ε4

)
from X is an ε-KDE-sample for X.

We include a similar upper bound for positive definite kernels too.

▶ Theorem 19. Let ε > 0 and X = {x1, . . . , xn} ⊂ Rd, and K be a positive definite L-
Lipschitz kernel with critical radius r. Then, with constant probability, we can compute an
ε-cover for (X, K) of size

(
Lr
ε

)O(L2r2 log( 1
ε )/ε2).

Proof. Let S be an ε/4-cover-sample of X of size |S| = O( 1
ε2 ); which is guaranteed to

exist by Theorem 13 assuming constant probability of failure δ. Let f : Rd → Rm be
the ε′-terminal dimensionality reduction transform for the set S and ε′ = ε/(4Lr), where
m = O(L2r2 log(|S|)/ε2) = O(L2r2 log(1/ε)/ε2). Then by Corollary 12, an ε/8-cover Q of
(f(S), K) will provide us with an ε-cover of (X, K) of size at most |Q|. Finally, by Theorem 1,
f(S) admits an ε/8-cover of size O(( 24

ε )m+2Lmrm) = (Lr/ε)O(L2r2 log( 1
ε )/ε2) for (X, K). ◀

Considering the fact that the Gaussian kernel is (1,
√

ln(1/ε))-standard and positive
definite, triangle kernel is (1, 1)-standard, Epanechnikov, triangle, quartic and triweight
kernels are (2, 1)-standard, and the Laplace kernel is 1-Lipschitz and positive definite with
critical radius ln(1/ε), the following corollary is an immediate consequence of Theorems 17
and 19. Notice we assumed σ = 1.

▶ Corollary 20. Let ε > 0 and X ⊂ Rd be of size n. There exist a set of size ( 1
ε )O( 1

ε2 log2( 1
ε ))

for Gaussian/truncated Gaussian kernel, a set of size ( 1
ε )O( 1

ε2 log3( 1
ε )) for Laplace kernel, and

a set of size ( 1
ε )O( 1

ε2 log( 1
ε )) for Epanechnikov, triangular, quartic and triweight kernels that

are ε-covers of (X, K).

CGT
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Algorithm and run time. The result in Theorem 17 is constructive with a runtime described
in the next theorem. Recall, despite the involved analysis, the algorithm to find the ε-cover
Q′ of X is quite simple: (1) create a random sample S ∼ X; (2) create a terminal JL map
f : Rd → Rm for S; (3) map S′ ← f(S); (4) apply Theorem 1 on S′ in Rm to get Q ⊂ Rm.
(5) find Q′ ⊂ Rd from Q. Analyzing the runtime of most steps is straightforward. The most
intricate part is step (5) since f is only invertible on S. This is handled via the procedure
described in the proof of Corollary 12, whereby we create a naive ε-cover QS ⊂ Rd (via
Theorem 1), and make sure to only place one point pi from QS into the final ε-cover Q′ ⊂ Rd

for each q ∈ Q ⊂ Rm.

▶ Theorem 21. For a size n point set X ⊂ Rd and k-simply computable, (L, r)-standard
kernel K we can compute an ε-cover for (X, K) of size N = (Lr/ε)O(L2r2 log(Lr/ε)/ε2) in time
(Lr/ε)d+O( 1

ε2 log Lr
ε ), where we assume k is a constant.

Proof. Assuming we can draw a random sample in O(1) time, step (1) takes O(|S|) =
O(dk/ε2) time. Creating a terminal JL map f : Rd → Rm for S in steps (2) and (3) needs
O(d|S| log(|S|)/ε2) time (see Appendix B). In step (4) applying Theorem 1 on f(S) requires
O(|S|(Lr/ε)m) time, where m = O(log(|S|)/ε2). Similarly, in step (5) creating an ε-cover
QS ⊂ Rd for S (in the proof of Corollary 12) requires O(|S|(3Lr/ε)d) time. Then we need to
calculate f(pi) for pi ∈ QS in Corollary 12, which needs O(|QS |

√
d(|S|3 + d3) log(1/ε)) time

(see Appendix B). In addition, computing each distance ∥f(pi) − q∥ for any pi ∈ QS and
q ∈ Q needs O(m) time. Thus, noting that the process stops when Q is empty, these distance
calculations need O(m|Q||QS |) time. Therefore, putting all together, the run time of obtaining
an ε-cover of size N needs O(d|S| log(|S|)/ε2 + |QS |

√
d(|S|3 + d3) log(1/ε) + |S|2 + m|Q||QS |)

time. Substituting |S| = O
( 1

ε2+2k L2kr2k logk(Lr
ε )

)
(by Theorem 15 assuming a constant

probability), |Q| = |S|(3Lr/ε)m = |S|(Lr/ε)m, |QS | = |S|(3Lr/ε)d and by simplifying we
end up with (Lr/ε)d+O(log(Lr/ε)/ε2) time. ◀

We leave as an open question if we can remove the 1/εd, so the runtime is ( 1
ε )poly( 1

ε ).
This would seem to require a way to invert terminal JL for any point in Rm.

5 A lower bound on ε-cover size for Gaussian and Laplace kernel

We now provide a lower bound, nearly matching the upper bound on ε-cover size shown in
Corollary 20 for the Gaussian kernel; it also applies to the Laplace kernel. First we define
criteria on a set of d spheres in Rd that can generate exactly two points in their intersections.
Then we use this to design a point set that provides the desired lower bound.

The following lemma, as we will see in Lemma 23, will help us to make sure that every
d-sphere in a collection of 1/ε same-centered spheres will intersect 1/εd−1 spheres from
another collection of spheres, each in 2 points. This will inductively provide us with 2/εd

grid-like cells, where each cell is obtained by intersecting d annuluses formed by pairs of
same-centered but different radius spheres with other annuluses. For instance, in R2 each
grid-like cell is created as an intersection of 2 strips formed by pairs of same-centered circles.
This is illustrated in Figure 1. So, the lemma makes it easy to count the number of grids
generated in this way as we need to consider them for the lower bound on ε-cover. The proof
is deferred to the appendix (see Lemma 31).

▶ Lemma 22. Let S1, . . . , Sd be d-spheres in Rd, where Sk is centered at ek with radius
Rk ≥ 1 (ek is the standard k-th basis vector in Rd). Assume that there are R ≥ 1 and
δ ∈ (0, 1/d) such that |R2

k −R2| < δ for k = 1, . . . , d. Then |
⋂d

k=1 Sk| = 2.
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Figure 1 Illustration of intersection of annuluses around two blue points. The two green annuluses
intersect forming 2 grid-like cells in red.

Crucially, the restriction that δ < 1/d in Lemma 22 will lead the next lemma to only
obtain a (1/ε)Ω((1−λ)d) size bound when d = O(1/ελ) for any λ ∈ (0, 1).

▶ Lemma 23. Let ε ∈ (0, 1/3) and d < 1
e3−λ

1
ελ − 1

e for some λ ∈ (0, 1). Then there are
Ω(1/εd) d-way intersections among d-spheres Sk in Rd, where Sk is centered at ek with radius
Rk = ln( 1

iε ) for some k = 1, . . . , d and any integer i in [ 1
(e+1/d)ε , 1

eε ]. Hence, there are at
least ( 2

ε )(1−λ)d grid-like cells obtained through the intersection of annuluses obtained by these
spheres. Moreover, if d is constant, then the lower bound can be improved to be Ω(1/εd).

Proof. We will show that d-spheres in this setting satisfy the assumptions of Lemma 22. For
any integer i ∈

[ 1
(e+1/d)ε , 1

eε

]
, using R2

i = ln( 1
iε ) and R = 1, we can infer

|R2 −R2
i | =

∣∣∣1− ln 1
iε

∣∣∣ ≤ ∣∣∣1− ln
(
e + 1

d

)∣∣∣ <
1
d

,

where the last step follows by x < ex. Therefore, by Lemma 22, each sphere with radii Ri

centered at ek will intersect any sphere with radii Rj centered at eℓ, where i, j are integers
in [ 1

(e+1/d)ε , 1
eε ] and k ̸= ℓ. Note

1
eε
− 1

(e + 1
d )ε

= 1
e(ed + 1)ε >

e1−λελ

ε
=

(e

ε

)1−λ

.

It means that there would be at least ( e
ε − 1)(1−λ)d d-way intersections. Consequently, there

would be at least ( e
ε − 2)(1−λ)d > ( 2

ε )(1−λ)d grid-like cells obtained through intersection of
annuluses formed by consecutive spheres on each axis with annuluses centered on other axes,
as illustrated in Figure 1.

If d is fixed, then the length of the interval [ 1
(e+ 1

d )ε
, 1

eε ] would be a constant fraction of
1/ε, leading to the lower bound of Ω(1/εd). ◀

CGT
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We remark that in the proof of Lemma 23 if we use Ri = ln( 1
iε ), the lemma holds true.

The following theorem gives a lower bound on the kernel ε-cover size.

▶ Theorem 24. Let ε ∈ (0, 1/3) and d < 1
e3−λ

1
ελ − 1

e for some constant λ ∈ (0, 1) and let
X = {e1, . . . , ed} ⊂ Rd be the vertices of the standard (d-1)-simplex (i.e. ek is the k-th basis
vector). Let also K(x, y) = e−∥x−y∥2 (or K(x, y) = e−∥x−y∥). Then the size of any ε-cover
for (X, K) is at least (1/ε)Ω(1/ελ). If d is a constant, then the size of any ε-cover for (X, K)
is at least Ω(1/εd).

Proof. We need to start by constructing objects on the grid-like structure we call super-cells.
Let the d-way intersections of the spheres be the nodes in a graph. Two nodes are connected
by an edge if they share d− 1 spheres and for the last dimension of the nodes, the associated
spheres are consecutive in the radius ordering. Then given a node p (which corresponds with
a point in Rd), we can define an L1-distance to other nodes in the graph as the minimum
number of edges one needs to traverse to get from p to another node q. A super-cell Sp

contains all nodes within an L1-distance of εd. However, the super cell Sp contains not just
nodes, but also the part of Rd that one can reach from any node in a super-cell without
crossing a sphere boundary. So one can think of a super-cell as a collection of cells from the
grid-like structure that are reachable by moving into one of the 2d cells incident to p, and
then including face-incident cells to those within εd additional steps.

Next we want to argue that if there are no points q in a set Q that intersect a super-cell
Sp, then for all q ∈ Q that dX

△(p, q) > ε. Thus, if Q is an ε-cover it must hit (there must
exist some q ∈ Q so q ∈ Sp) the super-cell Sp. To see this, consider any point q ∈ Sp. One
can reach q in a sequence of moves from p = p0 to p1 and recursively from pj to pj+1. The
first j∗ steps for j∗ ≤ εd moves must be along the edges of the grid-graph. These steps have
the property that for some dimension k we change |K(ek, pj) −K(ek, pj+1)| = ε, and for
every other dimension k′ we have |K(ek′ , pj)−K(ek′ , pj+1)| = 0. The last step from pj∗ to q

must have |K(ek, pj∗)−K(ek, q)| ≤ ε for all dimensions k. Now dX
△(p, q) = 1

d∥R
X
p −RX

q ∥1 is
1
d times the sum of all changes in |(RX

p )k − (RX
q )k| = |K(ek, p)−K(ek, q)|. The first j∗ ≤ εd

steps of the path captures any one-dimensional change in increments of ε, and the last step
all residual changes in any coordinate less than ε. If the sum of these changes is less than εd,
then it must be captured by some path. Therefore, a point q belongs to Sp if and only if it
can be captured by some path starting at p with the sum of above-mentioned changes less
than εd. The latter is equivalent to dX

△(p, q) ≤ ε.
Now we need to provide an upper-bound of the size of a super-cell in terms of cells in the

grid-like structure. Then we can lower bound the size of the ε-cover by the number of cells
of the grid-like structure divided by the size of a super-cell. To do so, we divide a super-cell
into 2d orthants from p, so each path in some orthant only allows each dimension k to either
increment or decrement. In addition, for each of the 2d orthant choices, this determines
which cell q moves into in the last step where it deviates from the grid-graph: it moves into
the same-oriented incident orthant from pj∗ . By vector addition commutativity, we can take
this step first to move from p to one of the incident 2d cells, and then the remaining steps
move to face-incident cells in the grid-like structure. The number of steps j∗ can be between
0 and εd. Each step has d choices. So after fixing one of the 2d orthants, the total number of
distinct paths is

∑εd
j=0 dj ≤ dεd+1 for d > 1. Note this is an overcount since two paths may

end up in the same location by changing the order of steps. Regardless, we will use 2d · dεd+1

as an upper bound on the size of a super-cell.
Finally, by a volume argument we can lower bound the size of an ε-cover as the number

of cells in a grid-like structure, which is at least (2/ε)(1−λ)d by Lemma 23, divided by the
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number of cells in a super-cell which is at most 2d · dεd+1. Further, by Lemma 23 we can use
dimension as large as d = 1

e3−λ
1

ελ − 1
e − 1. We have

(2/ε)(1−λ)d

2d · dεd+1 = (2/ε)(1−λ)( 1
e3−λ 1/ελ− 1

e −1)

2
1

e3−λ 1/ελ− 1
e −1 · ( 1

e3−λ 1/ελ − 1
e − 1)ε( 1

e3−λ 1/ελ− 1
e −1)+1

≥ (2/ε)(1−λ)( 1
e3−λ 1/ελ− 1

e −1)

21/ελ · (1/ελ)ε(1/ελ)+1

= 2(1−λ)( 1
e3−λ 1/ελ− 1

e −1)−1/ελ

· (1/ε)(1−λ)( 1
e3−λ 1/ελ− 1

e −1)−λε1−λ+λ

= 2ε−λ((1−λ)eλ−3−1)−(1−λ) 1
e −(1−λ) · (1/ε)ε−λ((1−λ)eλ−3)−λε1−λ+2λ−(1−λ) 1

e −1

= (1/ε)Ω(1/ελ).

The bound for constant d can be obtained similarly. ◀

Finally, notice that assuming a constant dimension d, the upper bound of O(logd/2(1/ε)/εd)
in Theorem 1 is up to logarithmic factors tight with respect to the lower bound of Ω(1/εd).

6 A lower bound on the ε-cover for combinatorial range spaces

The lower bound given by Haussler for ε-cover size is
(

n
2e(k+d)

)d, which is designed for a
special range space (X,R) with VC-dimension d, where n = sd for some integer s and
1 ≤ k ≤ n, where ε = k/n. But it does not apply specifically to any common geometric range
spaces like those defined for points in Rd and by half-spaces, balls, or fixed-radius balls.

We address this for large d case for half-spaces by providing a new ε-cover size lower
bound that is roughly 1/εd, and thus cannot be similar to what we obtained for kernel range
spaces. We then, via a discussion in Appendix A.1, argue this lower bound also holds for
ball and fixed-radius ball range spaces.

▶ Theorem 25. Let ε ∈ (0, 0.3), n = d and X = {e1, . . . , ed} be the vertices of the standard
(d− 1)-simplex in Rd. Then one needs at least M points as an ε-cover for (X,H), where H
denotes the half-space ranges and

(i) M = 2d if d ≤ 1/ε,
(ii) M = 2(1−ε log2(e/ε))d if d > 1/ε. Notice, in this case, 1− ε log2(e/ε)→ 1 and so M → 2d

as ε→ 0.

Proof. (i) If d ≤ 1/ε, in order to get an ε-cover, one needs to consider all 2d subsets of X,
since any two half-spaces h and h′ which contain a different subset of points, say A and B,
have dX

△(h, h′) = 1
n |A△B| > ε. Therefore, in this case there is only one ε-cover Q = 2X .

(ii) Consider a half-space h and a length d binary vector a = (a1, . . . , ad) associated to h

by means of ai = 1 if xi ∈ h and ai = 0 if xi /∈ h. We need to count the number of ranges
that differ in at least εd + 1 points. It means that we are allowed to flip ai’s up to εd times
and this flipping does not affect our counting process. Thus there are at most

N =
(

d

0

)
+

(
d

1

)
+ · · ·+

(
d

εd

)
other ranges within an εn = εd distance of h. By a counting argument, any ε-cover Q

will need at least 2d/N elements. We can upper bound N by the well-known inequality
N ≤ ( ed

εd )εd = ( e
ε )εd. Hence,

|Q| ≥ 2d

N
≥ 2d

(e/ε)εd
= 2(1−ε log2(e/ε))d. ◀

CGT
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▶ Corollary 26. When n = d and d > 1/ε, and ε ∈ (0, c) for some constant c that goes to 0
(as n and d grow accordingly), then the size of any ε-cover needs to be at least Ω((1/ε)d1−o(1))
where the o(1) shrinks as d grows for log1/ε(d) ≥ 1.

That is if n = d and both d and 1/ε grow, then an ε-cover requires nearly 1/εd ranges,
and how close it is to this bound depends on how much faster d grows than log2(1/ε).

Proof. Let λ ∈ (0, 1/2), η ∈ (0.9, 1) and let c = 1/a such that 1− ε log2(e/ε) ≥ η and a is
chosen such that for any x > a the inequality log2 x ≤ ηxλ holds. Let also X = {e1, . . . , ed}
be the vertices of the (d − 1)-simplex in Rd, where n = d = 1/εk so k = log1/ε(d). By
changing the base 2 in case (ii) of Theorem 25 to 1/ε we obtain

|Q| ≥ 2d(1−ε log2(e/ε)) =
(1

ε

)d(1−ε log2(e/ε)) log1/ε(2)
≥

(1
ε

)ηd/ log2(1/ε)
≥

(1
ε

)ελd

. (5)

Now, if λ/k = o(1) hence λ = o(k) and thus ( 1
ε )λ = ( 1

ε )o(k) or equivalently ελ ≥ d−o(1).
Therefore, by (5), |Q| ≥ ( 1

ε )ελd ≥ ( 1
ε )d1−o(1) . ◀
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A Appendix

A.1 Equivalence between half-spaces, fixed-radius-balls, and
any-radius-balls

Recall that (X,H), (X,B) and (X,Br) denote the half-space, ball and fixed-radius-r-ball
range spaces respectively, where X ⊂ Rd is finite. To be precise, (X,B) shows all possible
ranges defined by all possible balls with any radii, while (X,Br) shows all possible ranges
defined by all possible balls with radius r. Our goal here is to show that these range spaces
are roughly equivalent when considering large d.

Consider a range space (X,H). Then for any range R = X∩h defined by a half-space h, we
can choose a large enough radius rR and identify a radius-rR ball BrR

so BrR
∩X = R = X∩h.

Indeed, for a sufficiently large radius r for each R ∈ (X,H), there exists a ball Br which
corresponds to that range. Therefore, if we choose r = maxR∈(X,H) rR with appropriate
centers for each ball, then (X,H) ⊂ (X,Br). Thus any lower bound for (X,H) also applies
to (X,Br).

The inclusion (X,Br) ⊂ (X,B) is trivial as Br ⊂ B.
Now let R ∈ (X,B). Then there is a ball Bs(p) such that R = Bs(p) ∩X. We consider

the Veronese map Ψ : Rd → Rd+1 by x 7→ (x, ∥x∥2). We show that the Ψ(R) can be
obtained via the intersection of a half-space h in Rd+1. Let x = (x1, . . . , xd) ∈ R. Then
∥x − p∥2 ≤ s2. Rewriting this we get ⟨(−2p1, . . . ,−2pd, 1), (x1, . . . , xd, ∥x∥2)⟩ ≤ s2 − ∥p∥2,
where p = (p1, . . . , pd). This means that Ψ(R) = Ψ(X) ∩ hp,s, where hp,s is a half-space in
Rd+1 defined by hp,s(y) = ⟨(−2p1, . . . ,−2pd, 1), (y1, . . . , yd, yd+1)⟩ + ∥p∥2 − s2. Therefore,
(X,B) can have its corresponding in (Ψ(X),H) where the Veronese map Ψ lifts the dimension
d to d + 1. Hence any lower bound for (X,B) in Rd also applies to (X,H) in Rd+1.

https://web.eecs.umich.edu/~cscott/past_courses/eecs598w14/notes/15_rademacher_kernel.pdf
https://web.eecs.umich.edu/~cscott/past_courses/eecs598w14/notes/15_rademacher_kernel.pdf
https://doi.org/10.4230/LIPIcs.SoCG.2022.63
https://doi.org/10.4230/LIPIcs.SoCG.2022.63
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A.2 Relation between ε-KDE-samples and ε-cover-samples
The following lemma shows that an ε-cover-sample is a (1 + c)ε-KDE-sample for any c > 0.

▶ Lemma 27. Let S ⊂ X be such that for any p, q ∈ Rd,
∣∣dX

△(p, q)− dS
△(p, q)

∣∣ ≤ ε. Then S

is a (1 + c)ε-KDE-sample for any c > 0 if the critical radius of K is finite for any ε > 0.

Proof. Let q ∈ Rd. Take a point p ∈ Rd at infinity (i.e. is very far from all data points).
More precisely, take p ∈ Rd in such a way that K(p, x) ≤ min{cε/2, K(q, x)} for all x ∈ X.
Then |K(q, x)−K(p, x)| = K(q, x)−K(p, x) and by setting KX(y) = 1

|X|
∑

x∈X K(y, x) we
have

|KX(q)−KS(q)| ≤ |KX(q)−KX(p) + KS(p)−KS(q)|+ |KX(p)−KS(p)|
≤ |KX(q)−KX(p) + KS(p)−KS(q)|+ KX(p) + KS(p)

≤
∣∣∣∣ 1
|X|

∑
x∈X

|K(q, x)−K(p, x)| − 1
|S|

∑
s∈S

|K(q, s)−K(p, s)|
∣∣∣∣ + cε

=
∣∣dX

△(p, q)− dS
△(p, q)

∣∣ + cε

≤ (1 + c)ε. ◀

Employing Lemma 27 along with Theorem 4 we obtain the following corollary.

▶ Corollary 28. Let S be an ε-sample for (X,A), where A is semi-linked to a kernel K,
where the critical radius of K is finite for any ε > 0. Then S is a (1 + c)ε-KDE-sample for
any c > 0.

A.3 More on ε-KDE-samples
Corollary 16 gives an input-size- and dimension-free upper bound on the ε-KDE-samples. We
remark that if K1, K2 satisfy the conditions of Corollary 16, K1 + cK2 and K1K2 also meet
the conditions too, for any constant c > 0. So, a wide variety of kernels work for Corollary
16. We introduce some non-characteristic kernels that do the job.

Consider the truncated Gaussian kernel. That is, let K(x, p) = e−∥x−p∥2/σ2 for x in the
super-level set Rp,τ = {x : e−∥x−p∥2/σ2 ≥ τ} for some τ ∈ (0, 1), and 0 elsewhere. Then the
modified truncated Gaussian is (e−∥x−p∥2/σ2 − τ)/(1− τ) for x ∈ Rp,τ and 0 elsewhere. Note,
the modified truncated Gaussian kernel is (1,

√
ln(1/ε))-standard 2-simply computable like

the Gaussian kernel.

▶ Corollary 29. With probability ≥ 1 − δ, a random sample from X is an ε-KDE-sample
when K is an Epanechnikov, quartic, triweight, triangle or modified truncated Gaussian
kernel and the sample size is O( 1

ε6 log2 1
εδ ).

A.4 Constructing ε-cover-samples from ε-samples
In the following theorem we restate and prove Theorem 4. As we mentioned before Theorem
4, the proof technique mostly is borrowed from Joshi et al. [21].

▶ Theorem 30 (Restatement of Theorem 4). Let S be an ε-sample for (X,A), where A is
semi-linked to a kernel K, where K ≤ 1. Then S is an ε-cover-sample for X.

Proof. We need to show that for any p, q ∈ Rd,
∣∣dX

△(p, q)− dS
△(p, q)

∣∣ ≤ ε.
Suppose X = {x1, . . . , xn}, S = {s1, . . . , sm} and k = n/m, where without loss of

generality we can assume that k is an integer (otherwise we can work with fractional
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assignments). Moreover, for the sake of convenience let E = dX
△(p, q)− dS

△(p, q). In order
to get the desired inequality, we design two different partitions for X and show that E ≤ ε

and E ≥ −ε. Given p and q, again for simplicity let f(x) = |K(p, x)−K(q, x)| (note that
f(x) ≤ 1).

Undercounts. For the first partition we sort X and S in decreasing way by their f

value, i.e.

f(x1) ≥ f(x2) ≥ · · · ≥ f(xn) and f(s1) ≥ f(s2) ≥ · · · ≥ f(sm).

Without loss of generality one may assume that f(s1) > f(s2) > · · · > f(sm) by a tiny
perturbation of S. Then any semi-super-level set containing xi (si respectively) will also
contain all xj (sj respectively) for j < i. Then we consider 2m (possibly empty) sets
{P1, . . . , Pm} ∪ {Q1, . . . , Qm} using the sorted order by f . Starting with x1 (the point with
highest f value) we place points in Pj or Qj following their sorted order. Starting at i = j = 1,
we place xi in Qj as long as f(xi) > f(sj) (this can be empty). Then we place the next k

points into Pj . After these k points we start by Qj+1 and place points in Qj+1 as long as
f(xi) > f(sj+1). Then we put the next k points of X into Pi+1. We continue this process
until all of X has been placed in some set. Let t ≤ m be the index of last set Pj such that
|Pj | = k. Then |Pt+1| < k and Pj = Qj = ∅ for all j > t + 1. We also observe that for all
xi ∈ Pj (for j ≤ t) we have f(sj) ≥ f(xi) and so kf(sj) ≥

∑
xi∈Pj

f(xi) or equivalently,
1
m f(sj) ≥ 1

n

∑
xi∈Pj

f(xi). We can now bound the undercounts as

E = 1
n

n∑
i=1

f(xi)−
1
m

m∑
j=1

f(sj) =
m∑

j=1

( 1
n

∑
xi∈Pj

f(xi) + 1
n

∑
xi∈Qj

f(xi)
)
− 1

m

m∑
j=1

f(sj)

=
m∑

j=1

( 1
n

∑
xi∈Pj

f(xi)−
1
m

f(sj)
)

︸ ︷︷ ︸
≤0

+
m∑

j=1

( 1
n

∑
xi∈Qj

f(xi)
)
≤

t+1∑
j=1

( 1
n

∑
xi∈Qj

f(xi)
)

≤ 1
n

t+1∑
j=1
|Qj | =

1
n

t+1∑
j=1
|Qj ∩A|,

(6)

where A is the semi-super-level set A = {x ∈ Rd : f(x) ≥ τ} ∈ A with τ = f(xl), where l is
the largest index such that f(xl) > f(st+1). Then A contains st but not st+1. Therefore,
sj ∈ A for j ≤ t and sj /∈ A for j ≥ t + 1, and so |Pj ∩A| = k for j ≤ t and |Pj ∩A| = 0 for
j ≥ t + 1. Since S is an ε-sample for (X,A), then

t+1∑
j=1
|Qj ∩A| =

( t+1∑
j=1
|Qj ∩A|+

t∑
j=1
|Pj ∩A|

)
− k|S ∩A| = |X ∩A| − k|S ∩A| ≤ nε. (7)

Therefore, using (6) and (7) we can write E ≤ ε.
Overcounts. For the second partition we do overcounts analysis similar to undercounts.

In this partitioning we sort X and S in increasing way by their f value, i.e.

f(x1) ≤ f(x2) ≤ · · · ≤ f(xn) and f(s1) ≤ f(s2) ≤ · · · ≤ f(sm).

Again without loss of generality we assume that f(s1) < f(s2) < · · · < f(sm). Then we
consider 2m (possibly empty) sets {P1, . . . , Pm} ∪ {Q1, . . . , Qm} using the sorted order by
f . Starting with x1 (the point with lowest f value) we place points in Pj or Qj following
their sorted order. Starting at i = j = 1, we place xi in Qj as long as f(xi) < f(sj) (this
may be empty). Then we place the next k points xi into Pj . After k points are placed in Pj ,
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we begin with Qj+1 until all of X has been placed in some set. Let t ≤ m be the index of
last set Pj such that |Pj | = k. Then |Pt+1| < k and Pj = Qj = ∅ for all j > t + 1. We also
observe that for all xi ∈ Pj (for j ≤ t), f(sj) ≤ f(xi), and thus 1

m f(sj) ≤ 1
n

∑
xi∈Pj

f(xi).
We can now bound the overcounts as

E = 1
n

n∑
i=1

f(xi)−
1
m

m∑
j=1

f(sj) =
m∑

j=1

( 1
n

∑
xi∈Pj

f(xi) + 1
n

∑
xi∈Qj

f(xi)
)
− 1

m

m∑
j=1

f(sj)

=
t∑

j=1

( 1
n

∑
xi∈Pj

f(xi)−
1
m

f(sj)
)

︸ ︷︷ ︸
≥0

+
m∑

j=t+1

( 1
n

∑
xi∈Pj

f(xi)−
1
m

f(sj)
)

+
m∑

j=1

( 1
n

∑
xi∈Qj

f(xi)
)

︸ ︷︷ ︸
≥0

≥
m∑

j=t+1

( 1
n

∑
xi∈Pj

f(xi)−
1
m

f(sj)
)

=
( 1

n

∑
xi∈Pt+1

f(xi)−
1
m

f(st+1)
)
− 1

m

m∑
j=t+2

f(sj)

≥ 1
n

∑
xi∈Pt+1

f(xi)−
1
m

f(st+1)− (m− t− 1)
m

.

(8)

Now let A ∈ A be a semi-super-level set containing no point from ∪m
j=1Qj . For instance,

A can be Rp,q,f(su), where u is the largest index such that Qu ≠ ∅ (note u ≤ t + 1). Then
X ∩A = Pu ∪ · · · ∪ Pt+1 and S ∩A = {su, . . . , sm}, and so |X ∩A| = (t + 1− u)k + |Pt+1|
and |S ∩A| = m− u + 1. Hence, because S is an ε-sample for (X,A), we have

ε ≥ 1
m
|S ∩A| − 1

n
|X ∩A| = m− u + 1

m
− (t + 1− u)k + |Pt+1|

n

= m− u + 1
m

− (t + 1− u)
m

− |Pt+1|
n

= m− t

m
− |Pt+1|

n
,

which implies m− t− 1 ≤ mε + m
n |Pt+1| − 1. Let f attain its minimum on Pt+1 at xi ∈ Pt+1,

so f(xi) ≥ f(st+1). Then by applying (8) we can infer

E ≥ 1
n

∑
xi∈Pt+1

f(xi)−
1
m

f(st+1)−
(mε + m

n |Pt+1| − 1)
m

= −ε +
(k − |Pt+1|

n

)
− 1

n

( ∑
xi∈Pt+1

f(xi)− kf(st+1)
)

≥ −ε +
(k − |Pt+1|

n

)
−

(k − |Pt+1|
n

)
f(xi) ≥ −ε.

◀

A.5 Missing proof elements for lower bound

▶ Lemma 31 (Restatement of Lemma 22). Let S1, . . . , Sd be d-spheres in Rd, where Sk is
centered at ek with radius rk ≥ 1 (ek is the standard k-th basis vector in Rd). Assume that
there are r ≥ 1 and δ ∈ (0, 1/d) such that |r2

k− r2| < δ for k = 1, . . . , d. Then |
⋂d

k=1 Sk| = 2.

Proof. We are looking for two points like x = (x1, . . . , xd) ∈ Rd such that ∥x − ek∥2 = r2
k

for k = 1, . . . , d. Writing each equation and gathering similar terms yields

xk = 1
2 (1 + ∥x∥2 − r2

k), k = 1, . . . , d. (9)
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If the system of equations (9) has a solution, then y = ∥x∥2 would be one of the solutions to
the quadratic equation

y = 1
4

d∑
k=1

(1 + y − r2
k)2 = d

4y2 + 1
2

d∑
k=1

(1− r2
k)y + 1

4

d∑
k=1

(1− r2
k)2, (10)

or equivalently,

p(y) = d

4y2 +
(1

2

d∑
k=1

(1− r2
k)− 1

)
y + 1

4

d∑
k=1

(1− r2
k)2 = 0. (11)

Now we consider the discriminant to obtain the criteria to guarantee existence of 2 distinct
solutions to the quadratic equation (11):

∆ =
(1

2

d∑
k=1

(1−r2
k)−1

)2
− d

4

d∑
k=1

(1−r2
k)2 = 1

4

( d∑
k=1

(1−r2
k)

)2
+1+

d∑
k=1

(r2
k−1)− d

4

d∑
k=1

(1−r2
k)2.

By setting B = (b1, . . . , bd), where bi = r2
i − 1 and b = r2 − 1, and using |bk − b| < δ we get

4∆ = ∥B∥2
1 + 4 + 4∥B∥1 − d∥B∥2

2 ≥ d2(b− δ)2 − d2(b + δ)2 + 4d(b− δ) + 4

= −4d2δb + 4db− 4dδ + 4 = 4(db + 1)(1− dδ).
(12)

The condition δ < 1/d implies ∆ > 0, which shows that the quadratic equation (11) has two
roots, say y1, y2. Moreover, these two roots are positive. (Notice the roots of the quadratic
equation y2 − by + c = 0 are real and positive if and only if b > 0 and b2 ≥ 4c > 0.)
Substituting y1, y2 in (9) we obtain two points in the intersection of spheres S1, . . . , Sd as

xk = 1
2 (1 + y1 − r2

k), k = 1, . . . , d, and xk = 1
2 (1 + y2 − r2

k), k = 1, . . . , d.

Therefore, |
⋂d

k=1 Sk| = 2. ◀

A.6 Simple computability of triangle kernel
The following theorem shows that, like the Gaussian and Epanechnikov kernels, triangular
kernels are 2-simply computable.

▶ Theorem 32. The triangular kernel K(x, y) = max(0, 1−∥x− y∥) is 2-simply computable.

Proof. Let p, q, x ∈ Rd, τ ∈ R+ and consider the inequality |K(p, x)−K(q, x)| ≥ τ . There
are three cases:
1. ∥p − x∥ < 1 and ∥q − x∥ ≥ 1. Then verifying |K(p, x) −K(q, x)| ≥ τ is equivalent to

verifying ∥x− p∥ ≤ 1− τ .
2. ∥p − x∥ ≥ 1 and ∥q − x∥ < 1. Then verifying |K(p, x) −K(q, x)| ≥ τ is equivalent to

verifying ∥x− p∥ > 1− τ .
3. ∥p− x∥ < 1 and ∥q − x∥ < 1. Then writing down the inequality |K(p, x)−K(q, x)| ≥ τ ,

we get√∑d
i=1(xi − pi)2 ≥ τ +

√∑d
i=1(xi − qi)2 or

√∑d
i=1(xi − qi)2 ≥ τ +

√∑d
i=1(xi − pi)2.

Consider the left hand side inequality (the other comes by symmetry). Squaring both
sides and simplifying the equation we obtain the following equation:[

− τ2 + 2
d∑

i=1
((qi − pi)xi + p2

i − q2
i )

]2
≥ 4τ2

d∑
i=1

(xi − qi)2, (13)

where x = (x1, . . . , xd), p = (p1, . . . , pd) and q = (q1, . . . , qd).
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The cases 1 and 2 can be computed with O(d) arithmetic operations or jumps conditions.
The equation (13) shows that Case 3 can also be computed in O(d) time applying the same
operations. Therefore, K is 2-simply computable. ◀

B Terminal JL

The algorithm to compute terminal JL, taken almost verbatim from [19], is as follows:
Listing 1 Terminal JL.

Input: ε ∈ (0, 1), X ⊂ Rd , |X| = n, Q ⊂ Rd \ X and |Q| = k.
For any x ∈ X set f(x) = (Πx, 0), where Π is a JL map ( explained below ).
For q ∈ Q:

(1) Compute xNN = argminx∈X ∥x − q∥,
(2) Solve the following constrained optimization problem :

Minimize hq,xNN (z) = ∥z∥2 + 2⟨Π(q − xNN ), z⟩
Subject to ∥z∥2 ≤ ∥q − xNN ∥

|⟨z, Π(x − xNN )⟩ − ⟨q − xNN , x − xNN ⟩| ≤ ε∥q − xNN ∥∥x − xNN ∥
(∀x ∈ X),

(3) Let q′ be the solution to the minimization problem in (2). Set
f(q) = (ΠxNN + q′,

√
∥q − xNN ∥2 − ∥q′∥2).

Return f .

Run time analysis. First we need to construct a JL map, i.e. a random matrix Φ ∈ Rm×d

with entries from normal distribution N(0, 1) normalized by 1/
√

m, say Π = 1/
√

mΦ, where
m = O(log(n)/ε2). So, we can consider O(dm) as its run time. Calculating Πx for any
x ∈ X needs O(md) times and so for the whole X we need O(nmd) time. Therefore, the run
time for embedding X, i.e. computing ΠX, is O(dm + nmd) = O(dn log(n)/ε2)).

Now we need to compute the run time for embedding a single q ∈ Rd \X in Terminal JL
algorithm. Step 1 for finding the nearest neighbor xNN of q needs at most O(nd) time.

The optimization problem for finding f(q) is a semidefinite programming since we can
rewrite it as

Minimize t

Subject to ⟨z, z⟩+ ⟨2Π(q − xNN ), z⟩ ≤ t

⟨z, z⟩ ≤ ∥q − xNN∥
⟨z, Π(x− xNN )⟩ ≤ ε∥q − xNN∥∥x− xNN∥+ ⟨q − xNN , x− xNN ⟩ ∀x ∈ X

⟨z, Π(xNN − x)⟩ ≤ −ε∥q − xNN∥∥x− xNN∥ − ⟨q − xNN , x− xNN ⟩ ∀x ∈ X

So, we have 2n + 2 constraints on z ∈ Rd. Therefore, according to the literature, the
running time for computing f(u), given xNN , is O(

√
d(n3 + d3) log(1/ε)), see [20]. Therefore,

O(dn log(n)/ε2 +
√

d(n3 + d3) log(1/ε)) can be a (non-optimal) upper bound on the running
time of embedding X ∪ {q} via terminal JL.

C Rademacher complexity of unit ball in RKHS

The following theorem is well known but we could not find it in the literature to cite. So, we
present the theorem here and include the proof from [39] for completeness. According to
Definition 3.1 of [31] The empirical Rademacher complexity of a function class F (functions

CGT
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mapping X to [a, b]) with respect to the sample S = {s1, . . . , sm} from X is defined as

R̂S(F) = E
σ

[
sup
f∈F

1
m

m∑
i=1

σif(si)
]
,

where σ = (σ1, . . . , σn) and σi’s are independent uniform random variables from {−1, 1}.

▶ Theorem 33. Let K be a positive definite bounded kernel with supx

√
K(x, x) = B and

let H be its RKHS. Then for any sample S = {s1, . . . , sm}, R̂S(BH
1 (0)) ≤ B√

m
, where

BH
1 (0) = {f ∈ H : ∥f∥H ≤ 1}.

Proof. Fix S = {s1, . . . , sm}. Then

R̂S(BH
1 (0)) = E

σ

[
sup

f∈BH
1 (0)

1
m

m∑
i=1

σif(si)
]

= 1
m

E
σ

[
sup

f∈BH
1 (0)

m∑
i=1

σi⟨f, K(·, si)⟩
]

= 1
m

E
σ

[
sup

f∈BH
1 (0)

〈
f,

m∑
i=1

σiK(·, si)
〉]

= 1
m

E
σ

[〈 ∑m
i=1 σiK(·, si)

∥
∑m

i=1 σiK(·, si)∥H
,

m∑
i=1

σiK(·, si)
〉]

= 1
m

E
σ

[∥∥∥ m∑
i=1

σiK(·, si)
∥∥∥

H

]
= 1

m
E
σ

√√√√∥∥∥ m∑
i=1

σiK(·, si)
∥∥∥2

H


≤ 1

m

√√√√E
σ

∥∥∥ m∑
i=1

σiK(·, si)
∥∥∥2

H
= 1

m

√√√√ m∑
i=1
∥K(·, si)∥2

H

= 1
m

√√√√ m∑
i=1

K(si, si) ≤
1
m

√
mB2 = B√

m
.

We used Jensen’s inequality, reproducing property, Eσ[σiσj ] = 0 for i ̸= j, and the fact that
a bounded linear functional obtains its norm in its normalized representer according to the
Riesz representation theorem. ◀
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